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Abstract 

We present a study on the integral forms and their Cech and de 
Rham cohomology. We analyze the problem from a general perspec- 
tive of sheaf theory and we explore examples in superprojective man- 
ifolds. Integral forms are fundamental in the theory of integration 
in super manifold. One can define the integral forms introducing a 
new sheaf containing, among other objects, the new basic forms 5{d9) 
where the symbol 5 has the usual formal properties of Dirac's delta 
distribution and acts on functions and forms as a Dirac measure. They 
satisfy in addition some new relations on the sheaf. It turns out that 
the enlarged sheaf of integral and "ordinary" superforms contains also 
forms of "negative degree" and, moreover, due to the additional re- 
lations introduced it is, in a non trivial way, different from the usual 
superform cohomology. 



1 Introduction 



Super manifolds are rather well-known in supersymmetric theories and in 
string theory. They provide a very natural ground to understand the su- 
persymmetry and supergravity from a geometric point of view. Indeed, a 
supermanifold contains the anticommuting coordinates which are needed to 
construct the superfields whose natural environment is the graded algebras 
[U |2] . However, the best way to understand the supermanifold is using the 
theory of sheaves [H |3] . 

Before explaining the content of the present work, we stress the relevance 
of this analysis observing that recently the construction of a formulation of 
superstrings [J| requires the introduction of the superforms described here. 
In addition, the physics behind that formalism is encoded into the BRST 
cohomology which, in mathematical terms, is translated into the Cech and 
de Rham cohomology objects of our study. 

In the present notes we review this approach and we use the results of 
our previous paper [5]. In the first section, we recall some definitions and 
some auxiliary material. We point out that in order to formulate the theory 
of integration for superforms, one needs some additional ingredients such 
as integral forms. Enlarging the space of superforms to take into account 
those new quantities results in bigger complexes of superforms. These new 
mathematical objects should be understood in the language of the sheaves in 
order that the previous considerations about the morphisms are applicable. 
In particular, we study the behaviour of integral forms under morphisms and 
we show that they can be globally defined. 

By a hand- waving argument, we can describe as follows the need of the 
integral forms for the theory of integration in the supermanifold. In the the- 
ory of integration of conventional forms for a manifold Ai, we consider a 
uo G Q'(Ai). We can introduce a supermanifold [6] Ai whose anticommuting 
coordinates are generated by the fibers T* Ai. Therefore, a function on Ai is 
the same of a differential form of Vt'(M), F{M) = C°°(M) = W(M). The 
correspondence is simply dx l <H- ?/>\ For the manifold Ai we can integrate 
differential forms of the top degree Q( n \Ai), but in general we cannot inte- 
grate functions since Ai has no natural measure. On the other hand in Ai 
we can indeed write /i = dx 1 A ... A dx n A difj 1 A ... A dip n where the integral 
on the variables ip 1 is the Berezin integral (J dipf(ip) = d^f(ip)). If Co is a 
function of CF(Ai), we have J^/icD = j M oo where the superspace integration 
is the integration of forms. We have to notice that being the integral on 
the anticommuting variables a Berezin integral, it selects automatically the 
degree of the form. 
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Now, the same construction can be performed in the case of a superman- 
ifold M with only fermionic coordinates 9 a . In that case its cotangent space 
T*M is not finite dimensional. Therefore, mimicking the above construction, 
we define the form integration by considering the measure jtt for the manifold 
M (B T*M where the commuting superforms dd a are replaced by commuting 
coordinates A a and the measure is given /I = d9 a A ... d9 b Ad\ a A ... d\ b . Thus, 
in contrapposition to the commuting case the integral over the coordinates 
9 a is a Berezin integral, while the integration over the 1-forms A a is an ordi- 
nary n-dimensional integral. In order that the latter has finite answer for a 
given superform, we introduce the integration forms 0J ai ,,, an 5(\ ai ) A ... A5(\ a ") 
where the Dirac delta functions 5(\ a ) localize the integral at the point A a = 0. 
These new quantities behave as "distributions", and therefore they satisfy 
new relations that we will describe in Sec. 4. We show that the set of relation 
they ought to obey are preserved in passing from one patch to another and 
therefore that they are global properties. This implies that the sheaf of inte- 
gral forms is well defined. Finally, we derive a Cech - de Rham theorem for 
these new superforms. The interesting aspect is that the distributional rela- 
tions (here translated into an algbebraic language) modifies the cohomology 
and therefore we find non-trivial results. 

In sec. 2, we review briefly the construction of the supermanifolds, the un- 
derlying structure using ringed spaces, their morphisms and the local charts 
on them. We specify the constructions to the case of superprojective man- 
ifolds. In sec. 5 and in sec. 6 we compute some examples of Cech and 
de Rham cohomology groups for superprojective spaces. We also prove a 
generalization of usual Cech-de Rham and Kiinneth theorems. 

2 Supermanifolds 

We collect here some definitions and considerations about supermanifolds 
2.1 Definitions 

A super-commutative ring is a Z 2 -graded ring A = A © A x such that if 
i, j G Z 2 , then a^a, G A i+ j and a^a-,- = (— l) l+: >ajai, where G A^. Elements 
in A (resp. A{) are called even (resp. odd). 

A super-space is a super-ringed space such that the stalks are local 
super- commutative rings (Manin-Varadarajan). Since the odd elements are 
nilpotent, this reduces to require that the even component reduces to a local 
commutative ring. 
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A super-domain U p ^ q is the super-ringed space (U p , C oop ' ,? ), where U p C 
Ms is open and C°° p \ q is the sheaf of super-commutative rings given by: 

v^c°°{v) [e 1 ,e 2 ,...,e q ] , (i) 

where V C f/ p and 6 1 ,6 2 , ...,6 q are generators of a Grassmann algebra. The 
grading is the natural grading in even and odd elements. The notation is 
taken from [7] and from the notes [8]. 

Every element of C°° p \ q (V) may be written as Yli fi^i where / is a 
multi-index. A super- manifold of dimension p\q is a super-ringed space 
locally isomorphic, as a ringed space, to W^ q . The coordinates x, of IR P are 
usually called the even coordinates (or bosonic) , while the coordinates # J are 
called the odd coordinates (or fermionic). We will denote by (M,Om) the 
supermanifold whose underlying topological space is M and whose sheaf of 
super- commutative rings is Om- 

To a section s of Om on an open set containing x one may associate 
the value of s in x as the unique real number s (x) such that s — s (x) is 

not invertible on every neighborhood of x. The sheaf of algebras O, whose 
sections are the functions s, defines the structure of a differentiable manifold 

on M, called the reduced manifold and denoted M. 
2.2 Morphisms. 

In order to understand the structure of supermanifolds it is useful to study 
their morphisms. Here we describe how a morphism of supermanifolds looks 
like locally. A morphism ip from (X, Ox) to (Y, Oy) is given by a smooth 

map ip from X to Y together with a sheaf map: 

r v :0 Y {V)^O x {<<p- l {V)), (2) 

where V is open in Y . The homomorphisms ipy must commute with the re- 
strictions and they must be compatible with the super-ring structure. More- 
over they satisfy 

^v{sy = so^. (3) 

Let us recall some fundamental local properties of morphisms. A morphism 
ip between two super-domains U p ^ q and V r ^ s is given by a smooth map ip : 
U — > V and a homomorphism of super- algebras 

^* . C oor\,(y) C°°rt q (U). (4) 

It must satisfy the following properties: 
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• If t — (ti, . . . , t r ) are coordinates on V r , each component tj can also be 
interpreted as a section of C°° r ^(V). If f = ip*(ti), then f is an even 
element of the algebra C°° p \ q {U). 

• The smooth map ip : U — > V must be ip = (fi, ■ ■ ■ , f r ), where the f r 
are the values of the even elements above. 

• If 9j is a generator of C°° r \ s (V), then gj = ip*(9j) is an odd element of 
the algebra C°° P ^(U). 

The following fundamental theorem (see for example [8]) gives a local 
characterization of morphisms: 

Theorem 1 [Structure of morphisms] Suppose <p : U — > V is a smooth 
map and fi, gj, with i — 1, . . . , r, j — 1, . . . , s, are given elements ofC°° p ^ q (U), 
with f even, gj odd and satisfying (p = ( / l5 . . . , f r ). Then there exists 
a unique morphism ip : U p ^ q — > V r ^ s with ip = <p an d = fi an d 

P(O j ) = g j . 

2.3 Local charts on supermanifolds 

We describe now how supermanifolds can be constructed by patching local 
charts. Let X = \^j i X i be a topological space, with {Xi} open, and let Oi 
be a sheaf of rings on Xi, for each i. We write (see [7]) X^ — Xi D Xj, 
Xijk = Xi n Xj fl Xfe, and so on. We now introduce isomorphisms of sheaves 
which represent the "coordinate changes" on our super-manifold. They allow 
us to glue the single pieces to get the final supermanifold. Let 

fj : (Xji,Oj\ Xjt ) — > (.V, r O, v, ) (5) 
be an isomorphisms of sheaves with 

k = ^ (6) 

This means that these maps represent differentiable coordinate changes on 
the underlying manifold. 

To say that we glue the ringed spaces (JQ, Oj) through the fj means 
that we are constructing a sheaf of rings O on X and for each i a sheaf 
isomorphism 

f-.iXiMx^^iX^Oi), (7) 
fi = Id Xi (8) 

such that 

fij = fifj ) (9) 
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for all i and j. 

The following usual cocycle conditions are necessary and sufficient for the 
existence of the sheaf O: 



i. fa = Id on d; 

ii. fijfji = Id on Oi\ Xl \ 
iii- fijfjkfki = Id on Oi\ x , 



3 Projective superspaces 

Due to their importance in mathematical and physical applications we now 
give a description of projective superspaces (see also [5]). One can work 
either on R or on C, but we choose to stay on C. Let X be the complex 
projective space of dimension n. The super-projective space will be called 
Y . The homogeneous coordinates are {z{\. Let us consider the underlying 
topological space as X, and let us construct the sheaf of super-commutative 
rings on it. For any open subset V C X we denote by V its preimage in 
C n+1 \ {0}. Then, let us define A (V) = H (V) \6\ 6 2 , 6% where H (V) 
is the algebra of holomorphic functions on V and {9 , 6 2 , 8 q } are the odd 
generators of a Grassmann algebra. C* acts on this super-algebra by: 

t:£M^^][>H'l/4rV)0'. (10) 
I I 

The super-projective space has a ring over V given by: 

O y (V) = A(V'f* (11) 

which is the subalgebra of elements invariant by this action. This is the 
formal definition of a projective superspace (see for example [8]), however we 
would like to construct the same space more explicitly from gluing different 
superdomains as in sec. 12.31 

Let Xi be the open set where the coordinate Z{ does not vanish. Then 
the super- commutative ring Oy (Xi) is generated by elements of the type 

f f z o z i-i z i+l z n\ / 1oA 

Jo I — , ,■■■■> — I ; U^J 

\ z i z i z i z i J 

Jr I , ••■) , I , i — i, . . . ,q . yio) 

\ Zj t Zi Zi Zi I Zi 
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In fact, to be invariant with respect to the action of C*, the functions fj 
in equation (fTOj) must be homogeneous of degree — Then, it is obvious 
that the only coordinate we can divide by, on Xj, is zf all functions h are 
of degree —III and holomorphic on Xi. If we put, on Xi, for I ^ i, S, = — 

and 0r = — , then Oy (XA is generated, as a super-commutative ring, by 
the objects of the form 

where Fq and the f] s are analytic functions on C n . In order to avoid 
confusion we have put the index i in parenthesis: it just denotes the fact 
that we are defining objects over the local chart Xj. In the following, for 
convenience in the notation, we also adopt the convention that S 4 - = 1 for 
all i. 

We have the two sheaves CVPQI v- and Qy{Xj)\xi- In the same way as 
before, we have the morphisms given by the "coordinate changes". So, on 
XiDXj, the isomorphism simply affirms the equivalence between the objects 
of the super-commutative ring expressed either by the first system of affine 
coordinates, or by the second one. So for instance we have that Ej = |- 

and 0r = — can be also expressed as 

z j 

Which, in the language used in the previous section, means that the mor- 
phism tpji gluing (Xj nXj, Y {Xi)\ x .) and (X,- fll,, O y (Xj)|xJ is such that 
ipji is the usual change of coordinates map on projective space and 

«s? ) ) = ^ ) ^(e?>) = ^ (17) 

The super-manifold is obtained by observing that the coordinate changes 
satisfy the cocycle conditions of the previous section. 



4 Integral forms and integration 

Most of supergeometry can be obtained straightforwardly by extending the 
commuting geometry by means of the rule of signs, but this is not the case 
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in the theory of differential forms on supermanifolds. Indeed the naive no- 
tion of "superforms" obtainable just by adding a Z 2 grading to the exterior 
algebra turns out not to be suitable for Berezin integration. In this section 
we briefly recall the definition of " integral forms" and their main properties 
referring mainly to [TT] for a detailed exposition. The theory of superforms 
and their integration theory has been widely studied in the literature and it 
is based on the notion of the integral superforms (see for example [2] |12j). 
The problem is that we can build the space Q k of fc-superforms out of basic 
1-superforms d6 l and their wedge products, however these products are nec- 
essarily commutative, since the 6^s are odd variables. Therefore, together 
with a differential operator d, the spaces fl k form a differential complex 

o A n° -A n l . . . A n n A . . . (is) 

which is bounded from below, but not from above. In particular there is no 
notion of a top form to be integrated on the supermanifold C p+1 ' 9 . 

The space of "integral forms" is obtained by adding to the usual space 
of superforms a new set of basic forms 8(d0), together with its "deriva- 
tives" 5 n (d8), and defining a product which satisfies certain formal proper- 
ties. These properties are motivated and can be deduced from the following 
heuristic approach. In analogy with usual distributions acting on the space 
of smooth functions, we think of 8(d8) as an operator acting on the space of 
superforms as the usual Dirac's delta measure. We write this as 

(f(d6),5(d6)} = f(0), 

where / is a superform. This means that S(d9) kills all monomials in the 
superform / which contain the term d6. The derivatives 5^ n \d9) satisfy 

(f(<w),sM(d0)) = -(f(de),5^~ 1 \de)) = (-i)«/ (n) (o), 

like the derivatives of the usual Dirac 5 measure. Moreover we can consider 
objects such as g(dd)6(d9), which act by first multiplying by g then applying 
5(d6) (in analogy with a measure of type g(x)S(x)), and so on. The wedge 
products among these objects satisfy some simple relations such as (we will 
always omit the symbol A of the wedge product): 

dx 1 A dx J = -dx J A dx 1 , dx 1 A d6 j = d9 j A dx 1 , 

d9 i A d6 j = d8 j A d6 l , 8(d9)A8(d6') = -8(d6')A5(d6), (19) 

d6S(d6) = , d06'{d6) = -5{d0). 
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The second and third property can be easily deduced from the above ap- 
proach. To prove these formulas we observe the usual transformation prop- 
erty of the usual Dirac's delta function 

6 {ax + by)5{cx + dy) = -r- r S(x)8(y) (20) 

a b 



Det 



c d 



for x,y El, By setting a — 0, b — 1, c — 1 and d — 1, the anticommutation 
property of Dirac's delta function of d9's of (120]) follows. 

We do not wish here to give an exhaustive and rigorous treatment of in- 
tegral forms. As we will see later, it is suffcient for our purposes that these 
simple rules give a well defined construction in the case of superprojective 
spaces. A systematic exposition of these rules can be found in [5] and they 
can be put in a more mathematical framework using the results of [3J. An 
interesting consequence of this procedure is the existence of "negative de- 
gree" forms, which are those which reduce the degree of forms (e.g. 5'(d6) 
has degree —1). The integral forms could be also called "pseudodifferential 
forms" . 

We introduce also the picture number by counting the number of delta 
functions (and their derivatives) and we denote by fi r ' s the r-forms with 
picture s. For example, in the case of C p+1 ' 9 , the integral form 

dx [Kl . . . dx Kl] d6 {il +^ . . . d6 ir) 5(d0 [ir+1 ) . . . 5(d6 ir+s] ) (21) 

is an r-from with picture s. All indices Ki are antisymmetrized among them- 
selves, while the first r — I indices are symmetric and the last s + 1 are anti- 
symmetrized. We denote by [I\ . . . I s ] the antysimmetrization of the indices 
and by (i\ . . . i n ) the symmetrization. Indeed, by also adding derivatives of 
delta forms 5 ( - n \d9), even negative form-degree can be considered, e.g. a 
form of the type: 

5 (ni \de h ) ...5 {ns \de ia ) (22) 

is a — (ni + . . .n s )-form with picture s. Clearly is just the set VL k of 
superforms, for k > 0. 

We now briefly discuss how these forms behave under change of coordi- 
nates, i.e. under sheaf morphisms. For very general type of morphisms it is 
necessary to work with infinite formal sums in fi r ' s as the following example 
clearly shows. 

Suppose $*(6' 1 ) = 9 1 + 9 2 , $*(# 2 ) = 9 2 be the odd part of a morphism. 
We want to compute 

$*(5(deA) =5(d6 1 + d6 2 ) (23) 
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in terms of the above forms. We can formally expand in series about, for 
example, dO 1 : 

5 (do 1 + de 2 ) = ^^s^ide 1 ) (24) 

Recall that any usual superform is a polynomial in the dd, therefore only a 
finite number of terms really matter in the above sum, when we apply it to 
a superform. Infact, applying the formulae above, we have for example, 

{dB 1 )\^ ( ^^8 { - j \de x yj = {-if{de 2 ) k (25) 

Notice that this is equivalent to the effect of replacing dO 1 with —dO 2 . We 
could have also interchanged the role of 9 1 and 9 2 and the result would be to 
replace d9 2 with —d9 l . Both procedures correspond precisely to the action we 
expect when we apply the 5 (d9 1 + d9 2 ) Dirac measure. We will not enter into 
more detailed treatment of other types of morphisms, as this simple example 
will suffice. In the case of super-pro jective spaces the change of coordinate 
rule is simple and will be discussed in the next section. In the rest of the 
paper we will ignore the action ( , ) and do the computations following the 
above rules. 

We will see later, in Section El that integral forms form a new complex 
as follows 

ftMd ^+%) . . . q(p+i\9) Jl+ o (26) 

where Vt^ +1 ^ is the top "form" dx [Kl . . . dx K p+ l] S(d9^) . . . S(d9^) which can 
be integrated on the supermanifold. As in the usual commuting geometry, 
there is an isomorphism between the cohomologies H^ ' and H^ p+1 ^ on 
a supermanifold of dimension (p + l\q). In addition, one can define two 
operations acting on the cohomology groups H^ r ^ which change the picture 
number s (see [9]). 

Given a function f(x, 9) on the superspace C^ p+1 ' 9 \ we define its integral 
by the super top-form cu^ 1 ^ = f(x,9)d p+1 x5(d9 1 ) . . .5(d9 q ) belonging to 
Qb+ik) as foll ows 

U (j>+W = e ^d 0il ...d 0iq [ f(x,9) (27) 

C(p + l|<7) JCP+ 1 

where the last equalities is obtained by integrating on the delta functions and 
selecting the bosonic top form. The remaining integrals are the usual integral 
of densities and the Berezin integral. The latter can be understood in terms 
of the Berezinian sheaf [TU]. It is easy to show that indeed the measure is 
invariant under general coordinate changes and the density transform as a 
Berezinian with the superdeterminant. 
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5 Cech cohomology of P 1 ' 1 

We describe now Cech cohomology on super-projective spaces, with respect 
to this particular sheaf of "integral 1-forms". 

We will begin by considering P 1 ' 1 . P 1 has a natural covering with two 
charts, Uq and U±, where 

U = {[z ; Zl ]e¥ l :z ^0}, (28) 

U 1 = {[z ;z 1 ]eF 1 : Zl ^0}. (29) 
The affine coordinates are 7 = ^ on U and 7 = ^ on JJ\. The odd generators 

are ip on Uq and ip on U\. The gluing morphism of sheaves on the intersection 
Uq fl U\ has pull-back given by: 

$* :0(£/oni/i)M .— ►0(E/ o ni/i)$j (30) 

with the requirement that: 

$*( 7 ) = I,$* W = t (31) 

7 7 

We now consider a sheaf of differential on P 1 ' 1 . As we already said in the 
previous section, we must add objects of the type "dj" and of the type "dip" 
on Uq. But dip is an even generator, because ip is odd, so we are not able to 
find a differential form of maximal degree. We introduce then the generator 
5 (dip), which allow us to perform integration in the "variable" dip. It satisfies 
the rule dip 5 (dip) = 0. This means that 8 (dip) is like a Dirac measure on the 
space of the analytic functions in dip which gives back the evaluation at zero. 
We must also introduce the derivatives 8^ (dip), where dip8'(dip) = —8 (dip), 
and, in general, dip8 ( - n \dip) = —S^ 1-1 ^ (dip) . In this way, the derivatives of 
the delta represent anticommuting differential forms of negative degree. 

Let's define the following sheaves of modules: 

n°l°(tf o ) = 0(tfo)[# (32) 
n ll0 (U ) = O(U Md>y © O(U )[iP]diP; (33) 

and similarly un U\. The general sheaf fH° is locally made up by objects of 
the form 

o^m^ndipy, (34) 

where % — 0; 1 and % + j — n. The definitions on U\ are similar, the only 
difference is that we will use the corresponding coordinates on U\. Note that 
qu\o j g non zero f or a u jaegers n > 0. 
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We also define the sheaves of modules fl*' 1 , which, on Uq, contain elements 
of the form: 

0(UoM(diY6^(d^) } (35) 

with % — j = I. The elements containing "dip" cannot appear, since they 
cancel with the delta forms. On U\, the sections of this sheaf assume a 
similar structure with respect to the coordinates on U\. 

Notice that f^' 1 is non zero for all integers I with I < 1, in particular 
for all negative integers. We still have to describe coordinate change in the 
intersection U fl U\ of the objects {dj, dip, 5 (dip)}. They are given by: 

$*efy = -\dy, (36) 

T 

and 

$*^=^-^. (37) 

7 T 

More generally, for any integer n > 0, we have the formula 

^^) n = (f) n -^(f) n "- (38) 

It only remains to compute how 5 (dip) transforms in a coordinate change. 
We can proceed as outlined in the previous section. 
In this case, we write: 

'dip d^ip\ 
7 7 2 



$*<W) = M — - -rf ) (39) 



Then: 



=y6(dil>- — J = 7<5 (dif>)-j^-6(dif>) = i5 (dip)-ipdj5'(dip). 
V 7 / 7 

(40) 

Notice that the latter equation, together with (I37p . implies that 

$*(#<*(#)) = 

as expected. 

Hence the generator S(dip) and its properties are well defined. Similarily, 
one can compute that the derivatives S n (dip) satisfy the following change of 
coordinates formula 

$*<P(d^) = j n+1 S n (dip) - ~{ n iP dj S n+1 (diP). (41) 

Now, we can proceed in calculating sheaf cohomology for each of the sheaves 
VL 1 ^ with respect to the covering {{7 ; U±}. 
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Theorem 2 The covering {U ; U{\ is acyclic with respect to each of the 
sheaves Vt 1 ^ . 

Proof. We know that U and U 1 are both isomorphic to C, while U fl U\ 
is isomorphic to C*. Moreover, we know that, classically, H q (C;<D) = {0}, 
and that H q (C*; O) = 0. We note that the restriction to each open set of 
the sheaf Vt % ^ is simply the direct sum of the sheaf O a certain finite number 
of times. 

For example, 

n ll \u n u x ) = c(c*)d 7 (5(#) + o(c*)^5(d^). (42) 

Note that the symbols d^S(d^) and tpd'yS(d'ijj) represent the generators of a 
vector space, then, each of the direct summands can be treated separately. 
So, we see that a chain of Vt 1 ^ (on C or C*) is a cocycle if and only if each 
of the summands is a cocycle, and it is a coboundary if and only if every 
summand is a coboundary. 

We now begin the computation of the main cohomology groups on P 1 ' 1 . 
For H° we have the following result: 



Theorem 3 For integers n > 0, the following isomorphisms hold 

#0( p l|l >n n|0) 



0, n>0, 
C, n = 0. 



#0( p l|l jjr n|l) C 4n+4 , 

tfW 11 ,^ 111 ) = 



Proof. 



Let's begin from if^P 1 ! 1 , Q ' ). On Ui, the sections of the sheaf have 
the structure: 

m+hm. (43) 

On the intersection U fl U\ they transform in the following way: 

/ (T) + U tt) (44) 



7/ 7 V7 

So, the only globally defined sections (i.e which can be extended also 
on P 1 ' 1 ) are the constants: 

jfO( P i|i >n o|0)£* c ( 45 ) 
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• Let's consider H°(F 1 ^ 1 , f2 n l°), with n > 0. On Ui, the sections of the 
sheaf have the structure: 

(/o(7) + /i(t>) rf7(#) n " 1 + (/ 2 (7) + (#) n (46) 

Since both c?7 and transform, by coordinate change, producing a 
term I/7 2 , none of these sections can be extended on the whole P 1 ' 1 , 
except the zero section. So, 

H°(F lll ,Q nl °) = 0. (47) 

• Let us now compute H°(¥ 1 ^ 1 ;D,~ n ^ 1 ) for every integer n > 0. On Ui, 
the sections of the sheaf have the form: 

(foil) + /i(7>) <W) + (/ 2 (t) + /s(t>) cP?5 n+1 (d^). (48) 

Using the change of coordinates formula (T4T]) one can verify that on 
the intersection Uo fl U\ they transform in the following way: 



fo (i) + /1 (i) ^ ( 7 n+ V(#) - 7 >^7^ +1 (#)) - 




Therefore this expression extends to a global section if and only if the 
following conditions hold. The coefficient fo is a polynomial of degree 
while fx, f 2 and f 3 are polynomials of degree n. Moreover, if a n+1 
and b n are the coefficients of maximal degree in fo and f 3 respectively, 
then a n+ \ = —b n . This establishes that ff^P 1 ' 1 , fi~ n l 1 ) has dimension 
An + 4. 

• Let's consider if^P 1 ' 1 ; fi 1 ' 1 ). On Ui, the sections of the sheaf have the 
structure: 

(/o(7)+/i(7)^)W) (50) 
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These sections cannot be denned on the whole P 1 , since they transform 
as: 



h (i) + h (i) f) ^ W (<#) - WW)) = 

So, 

^°(P 1|1 ,n 1|1 ) = 0. (51) 



A similar computation can be done to obtain the groups H 1 (¥ 1 ^ 1 ;Q % ^). 
The elements of the Cech cohomology are sections <t i of Qj^ on[7i which cannot 
be written as differences ctq — (Ji, with <7 defined on C/o and o\ defined on 
XJ\. We have the following result: 

Theorem 4 For integers n > 0, the following isomorphisms hold 

^(P 1 ! 1 ,^-"! 1 ) = 0, 
^(P 111 ,^ 111 ) = C 

Proof. 

• ^ 1 (P 1 I 1 , r2°'°) = {0}, since for every section on U\ n Uq we have the 
structure: 

/(t) + /i(tM (52) 

we can decompose the Laurent series of / and f\ in a singular part 
and in a holomorphic component. The singular part is defined on Uq, 
while the holomorphic part is defined on U\. So, it's easy to write every 
section of fi 0| ° on U n U x as a difference of sections on Uq and C/i. 

• We now compute if-^P 1 ! 1 , fH ) for n > 0. A section on C/ is of the 
type 

(/o(7) + /i(7)^) ^7 (#) n_1 + (/ 2 (7) + fs(im (#) n - 
while a section on U\ is of the type 

(<?o(7) + <?i(7>) rf7(#r X + (<fcffl + <fe(7$) (#)" 

14 



All functions here are regular. A computation shows that, taking the 
difference of the two on U D U\ and expressing everything in the coor- 
dinates 7 and ip, gives us an expression of the type 

(/o(7)+^o(7" 1 )7- (n+1) ) d 1 m n ~ l + 
+ (/i(7) + ^i(7" 1 )7~ (n+2) + ^(7" 1 )7- (n+1) ) Hi {d4>) n - l + 
+ (/ 2 (7)- 92{T 1 )T n ) (#)"+ 

It is clear that in the first row there are no terms of the type aki~ k 
with 1 < k < n, so this gives us n parameters for an element of 
.^(P 1 ! 1 , fH°). Similarily, the second row gives us n parameters, the 
third gives us n — 1 and the fourth n. This gives a total of 4n — 1. 
Notice now that in the above expression the coefficient of 7 _(ra+1 ) in 
the second row must be equal to the coefficient of r y~ n in the third row. 
This constraint on the terms of the above type gives us room for an 
extra parameter in the elements of i7 1 (P 1 ' 1 , fi n ' ). We therefore have a 
total of 4n parameters. 

• We compute in a similar way i/ 1 (P 1 ' 1 , f^™' 1 ) for n > 0. A computation 
shows that a difference between a section on U and a section on U\ is 
of the type 

(/o(7)-£o(7^)7 n+1 ) <$"(#)+ 

+ (A(7)-£i(7- 1 )7 n ) #"(#)+ 

+ (/ 2 (7)+2 2 (7- 1 )7 n ) d 1 5 n+1 (d^) + 

+ (/ 3 (7) +So(7~ 1 )7 n + £ 3 (7- 1 )7 n - 1 ) ^7^ +1 (#)- 

It is clear that every section on [/ fl (7i is represented in such an ex- 
pression. Therefore we have ^" 1 (P 1 I 1 , Q - "! 1 ) = 

• We see in a similar way that ^ 1 (P 1 ' 1 ; fi 1 ' 1 ) = C, in fact the section on 
U nUi which are not differences are all generated by 

^ • (53) 

This completes the proof. ■ 

Notice that ^(P 1 ! 1 , and /^(P 1 ! 1 , fi""! 1 ) have the same dimension. 

There is an interesting explanation of this fact, in fact we can construct a 
pairing 
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as follows. As explained above, an element of H 1 (F 1 ^ 1 , Q n+1 \°) is of the type 

(/o(T _1 ) + /i(7- X )V>) ^ (d0)» + (/ 2 (7 -1 ) + / 3 (7" V) (54) 

where fo and fi are polynomials of degree at most n+1, while fi and fi can 
be chosen to be respectively of degree at most n + 2 and n or both of degree 
at most n+1. An element of ^(P 1 ' 1 , f2~ n l 1 ) is of the type 

M7) + 0i(7)VO + (fls(7) + 0»(t)VO rf7 5" +1 (^), (55) 

where go is a polynomial of degree n + 1, g\ . . . , g% are polynomials of 
degree n and the coefficients of maximal degree in g and g 3 are opposite to 
each other. Now recall that we have a pairing 

Q n+1\0 x Q -n\l _^ Q l\l 

obeying the rules explained in Section HI For instance 

(d 1 {d^) n ,8 n {dij))) = (-l) n n!d7 5(#), 

((^) n+1 ,^7^ n+1 (#)) = -(-l) n (n + l)!d 7 <W), 

(rf7(#)",rf 7 5" +1 (#)) = ({dip) n+1 ,5 n {dip)) = 0. 

It can be checked that this product descends to a pairing in cohomology. We 
have the following 

Lemma 5 On P 1 ' 1 the above product in cohomology is non-degenerate. 
Proof. The product between fl54l) and (1551) is cohomologous to the expression 

(-l)"n! ((/ O 0i + /i<7o) - (n+ l)(/ 2 <7 3 + / 3 <7 2 ))<W(#)- (56) 

We have to prove that if fl55|) is arbitrary and non zero, then we can chose 
f , . . . , f 3 so that the above expression is cohomologous to fl53|) . We can 
assume one of the #o, • • • , 93 to be non zero. If go ^ 0, let a& be the coefficient 
of highest degree in g , hence k < n + 1. Define 

and fo, fz to be zero. Then, for suitably chosen C ^ we can easily see 
that (156|) is cohomologous to (|53|) . Notice also that k + 1 < n + 2, so the 
choice of /o, . . . , /3 gives a well defined element of i? 1 (P 1 ' 1 , fi n+1 '°). Similar 
arguments hold when g\,gi or g 3 are not zero. ■ 

A consequence of this lemma is that H 1 ^ 1 , fi n+1 l°) and H ^ 1 , fi""! 1 ) 
are dual to each other. This explains why they have the same dimension. 
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6 Super de Rham Cohomology. 



We now briefly describe smooth and holomorphic de Rham cohomology with 
respect to the d differential on superforms. 

On a fixed complex supermanifold M™'" 1 we denote by A 1 ^ and re- 
spectively the sheaf of smooth and holomorphic superforms of degree % with 
picture number j and by A*I J and Q 1 ^ the global sections of these sheaves. 
As usual for superforms, i can also have negative values. On A*' J (or locally 
on A*^) we can define the exterior differential operator d : A 1 ^ — > A l+1 ^ 
which satisfies the following rules: 

1. ) d behaves as a differential on functions; 

2. ) d 2 = 0; 

3. ) d commutes with 5 and its derivatives, and so d(5^ k \dip)) = 0. 

Similarily, the same operator d is defined on Q*^, and behaves as the d 
operator on holomorphic functions (since d always vanishes). 

It is easy to verify that, on the intersection of 2 charts, d commutes with 
the pull-back map $* expressing the "coordinate changes". This is due to 
the particular definition of the pull-back of the differentials, and it implies 
that d is well defined and it does not depend on coordinate systems. 

As an example, we prove it on P 1 ' 1 in the holomorphic case, leaving to 
the reader the easy generalization to every other super-projective space. 

• We know that $*(7) = ^, so it's easy to see that d (j^j = $*d(7) = 

• We know that = so it's easy to see that d (^j = $*d(4>) = 

• We know that $*£(#) = 7 5 (dip) -d 7 #'(#)• Th en, $*d(<?(#)) = 0. 

But, d($*<5(#)) = d(7<J (#)-d7 #'(#)) = cW#)+^7 #£'(#)) = 
0. 

Now (A*I J (M), d) and (f2*l J (M), d) define complexes, whose cohomology 
groups we call respectively the smooth and holomorphic super de Rham 
cohomology groups: 
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Definition 6 // Z 1 ^ is the set of the d-closed forms in A 1 ^ , and B 1 ^ = 
dA l-1 L?. Then, the i\j-th smooth de Rham cohomology group is the quotient 
of additive groups: 

H%{M^) = (57) 

Similarily we define the holomorphic de Rham cohomology groups which we 
denote by H%{M n \ m , hoi) 

We now calculate the holomorphic super de Rham cohomology of C m ' ra . 
Let's call {71, 72, 7 m } the even coordinates and {^i, ip2, ■■■,i J n} the odd 
coordinates of C m K 

Clearly the following forms are closed: 

a) 1; 

b) {dn}, i G {l;2;..,m}; 

c ) j G {1;2; ...;ra}; 

d) {d~f h ■ ip k + -fhdtpk = d{j h ■ ip k )}, h G {1; 2; m}, fc G {1; 2; n}; 

e) {£ (fc) (# )}, a G {1; 2; n} and fc G N; 

f) {#(^)},&G{l;2;..,n}. 

All other closed forms are products and linear combinations of these with 
coefficients some holomorphic functions in the even coordinates. Observe 
that {ipb5(dipb}}, with b G {1; 2; n) are not exact. A calculation shows that 
the holomorphic super de Rham cohomology H^(C m \ n , hoi) is zero whenever 
i > 0, it is generated by 1 when i = j = 0, by {ipbd^dipb)} when i — and 
j = 1 and by their j'-th exterior products when i = and j > 2. Similarily 
we can compute the smooth de Rham cohomology of R m K 

Remark 7 In particular, we see that the super-vector space C m '™ (or M™ 1 ^) 
does not satisfy the Poincare lemma, since its de Rham cohomology is not 
trivial. The forms {ipi5{dipi)} can be seen as even generators of the "odd 
component" of the cohomology. 

As an example we compute the holomorphic de Rham cohomology of P 1 ' 1 . 
We have: 
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Theorem 8 For n > 0, the holomorphic de Rham cohomology groups o/P 1 ' 1 
are as follows: 

Hf R [^\\hol) 



o, 


n > 0, 


\c, 


72 = 0. 


(0, 


n > 0, 


\c, 


n = 


hoi) = 


0. 



H~f-(¥ ll \hol) = 
if^P 1 ! 1 , 

Proof. We have given explicit descriptions of global sections of the sheaves 
i n Theorem [3] and therefore it is a rather straightforward computation 
to determine which forms are closed and which are exact in terms of the 
coefficients describing the forms (see formulas (|46|) and (|48i) ). We leave the 
details to the reader. Notice that ii^^P 1 ' 1 , hoi) is generated by the closed 
form ip8(dip) which is globally defined on P 1 ' 1 . ■ 

Now consider a general smooth super manifold M n K On M we can define 
the pre-sheaf which associates to every open subset U C M the smooth super 
de Rham z|j-cohomology group of \J n \ m and we denote the corresponding 
sheaf by "H 4 '- 7 . If follows from the above remark that "H*'- 7 is the constant C- 
sheaf when i, j = 0, a non zero sheaf when i = and j > and the zero sheaf 
otherwise. It makes therefore sense to consider the Cech cohomology groups 
which we denote by H p (M n ^ m , W^) (which are zero when i > 0). Recall that 
a good cover is an open covering U a of M such that every non-empty finite 
intersection U ao fl U Ql D ... PI U ap is diffeomorphic to M n . We can now prove a 
generalization of the classical equivalence of Cech and De Rham cohomology 

Theorem 9 Given a supermanifold M n ' m , for i > we have the following 
isomorphism 

H%{M n \ m ) = H\M nlm , n° lj ) (58) 

Proof. For the proof we can use the same method used in [13] for the 
classical equivalence of Cech and De Rham cohomology. Let us fix a good 
cover V{_= {U a } of M. For integers p, q > 0, let us set 

K p ' q = C p {A qlj ,U), (59) 

where the righthand side denotes the usual p-cochains of the sheaf A q ^ , with 
respect to the covering U_. Then we can form the double complex (K,d,S), 
where K = ® p , q >oK p,q and the operators are the usual exterior differential 
operator d and the Cech co-boundary operator 5. From this double complex 
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one can construct two spectral sequences (E p,q , d r ) and (E' p,q , d r ) both con- 
verging to the total cohomology H D (K) of the double complex (see [13] )■ We 
have that 

E™ = H p (H q j\ R (A qlj ),U) = H p (M nlm ,n qlj ). (60) 

In particular E^ q = when q > 0, therefore {E P,q , d r ) stabilizes at r = 2. 
On the other hand we have 

= H q DR {H p {A q \\U))- (61) 
We can easily see that the sheaves are fine i.e. that 

H°(A qlj ,U) = A q \ ] (62) 

and 

H p (A qlj ,lf) = when p > 0. (63) 

The latter identity can be proved using standard partitions of unity relative to 
the covering U_ of the underlying smooth manifold M. Therefore we conclude 
that (E p,q , d r ) also stabilizes at r = 2 and = when p > and 

E' 2 °' q = H q ^ j R (M n \ m ). (64) 

The theorem is then proved by using the fact that the two spectral sequences 
must converge to the same thing and therefore 

H q \ j R (M n \ m ) = E^ q = E q '° = H q {M nlm , n° lj ). (65) 

■ 

It may happen the sheaf H ^ is actually a constant sheaf, for instance 
on projective superspaces P n l m the forms {ipiS(dipi)} are globally defined. In 
this corollary of the above result, we obtain a sort of "Kunneth 

formula" for the super de Rham cohomology on supermanifolds. 

Corollary 10 Let M"' m be a super-manifold, such that "H ^ is a constant 
sheaf, (e.g. when the locally defined forms {ipid~(dtpi)} extend globally). Then 
the de Rham cohomology of M n ' m is: 

H^ R (M n \ m ) = H* DR (M) ® H^. (66) 

Proof. The map ip : H* DR (M) <g> H — ► H* DR (M n \ m ) given by multiplication 
is a map in cohomology. It is easy to show that, if 7 is an element of H* DR (M) 
and to is an element of H, then 70; is an element of H^ R (M n ^ m ) . Moreover, if 
7 and 7' are cohomologous in H^ R (M), then 70; and 7'a; are cohomologous 
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in H* DR (M n \ m ): if 7 - 7' = d/, then 70; - 7'w = d(/w), since = 0. Now, 
we proceed by induction on the number of open sets of the good cover of M. 
Obviously, if this number is equal to 1, then M = 1R™, and the thesis is true 
for the study we have performed above. We have to prove the truth of the 
thesis for an integer s, knowing that it is true for s — 1. So, let M be covered 
by s open sets forming a good cover. Then, we can call U one of them, and 

V the union of the remaining ones. We know that the thesis is true on U ; 

V and U fl V. We will call \J m \ n and y m \ n the open sets U and V endowed 
with the corresponding graded sheaves. Let k; p be two integers; by the usual 
Mayer- Vietoris sequence, 

... — > H P (U UV) — > H P {U) © H P (V) — >■ H P (U f)V) ^ ... (67) 

If H q are the elements of H of degree -\q, we have the following exact 
sequence: 

... — > H p (UUV)®H q — >• (H p (U)®H q )®(H p (V)®H q ) — > (/P(C/nF)©ft 9 ) 

(68) 

Summing up, we find that the following sequence is exact: 
... — >■ H p (U\JV)®U q 

p+q=k 

— )• (# P (t/) © ft 9 ) © (# P (V) © ft 9 ) 

— >• (# p (t/ n V) © ft 9 ) — >• ... 

p+q=k 

where the sum is performed over p, q. 

The following diagram is commutative: 

H p (UUV)®H q -> (tf p ([/) ft 9 ) © (iF(F) <g> ft 9 ) -»■ (# p (t/ny) ©ft 9 ) 

p+q=k p+q=k p+q=k 

H k (M n \ m ) -> tf fe (f7 n l m )©tf fe (y n l m ) -> # fc (([/nF) n|m 

The commutativity is clear except possibly for the square: 

©(ft p (f/ n v) © ft 9 ) ®h p+ \u u v) © ft 9 
H h ((unv) nlm ) H k+1 (M nlm ) 
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Let u ® (p be in (Rp(U n V) <g) Then, ® 0) = (tfw) • and 

cfV(w (8 4>) = d*{u<j>). 

If {pc/;/v} is a partition of unity subordinate to {U;V}, then (To; = 
—d(pvoj) and d*(uxj)) = —d(pvOJ(fr) on {7, while d*u; = d(puuj) and d*(u(f>) = 
d(puOJ(p) on V. Note that —d(puOJ4>) = d(pvuxj)) onUDV, since both u and 
are closed. So, d*(tu(j)) is a global section of the sheaf of M n ^ m . 

By these relations, it's easy to see that the square is commutative: 

d*ip{oj ® 4>) = d*(u<f>) = d(puu(f)) = (dpuu)4> = (d*u) ■ 4> = ipd*(u <g> </>), 
since is closed. 

By the Five Lemma, if the theorem is true for U n ^ m , y n \ m and (UnV) n ' m 
then it holds also for M n ' m , by induction. ■ 
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